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Abstract
We study weight multiplicities in tensor powers of the adjoint representation of the Lie
algebra of SU(3) and, by means of these multiplicities and the theory of the quantum
integrable Calogero-Sutherland model, we develop a procedure to reduce some sums of triple
products of binomial coefficients to linear combinations of Franel numbers. A new way to
prove the Franel recurrence relation based on these results is presented.
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1. The sums
S(r)n =
n∑
k=0
(
n
k
)r
for r = 1, 2 are easy to compute and they satisfy simple recurrence relations,
S
(1)
n+1 − 2S
(1)
n = 0, (n+ 1)S
(2)
n+1 − 2(2n+ 1)S
(2)
n = 0,
but higher r cases are not so straightforward. In 1894, J. Franel discovered a three-term recurrence
relation for the case r = 3,
(n + 1)2S
(3)
n+1 − (7n
2 + 7n + 2)S(3)n − 8n
2S
(3)
n−1 = 0, (1)
and a year later he found another one for the case r = 4 [1], proposing also the conjecture that
there are recurrence relations with polynomial coefficients and [1
2
(r + 3)] terms for all r. This
was corroborated for the cases r = 5 and 6 in 1987 by Perlstadt [2] by means of a “creative
telescoping” technique using MACSYMA, and in 1989 Cusick [3] presented a method, based on
the intertwining of two identities involving the sum of some powers of combinatorial numbers,
which can be used to find the recurrence relations for higher r. Our purpose in this note is to
come back to the original r = 3 case, in this occasion dealing with it under the optic of Lie algebra
representation theory. Namely, we will compute the multiplicities of the weights entering in the
n-th tensor power of the adjoint representation of SU(3) and figure out how to express them in
terms of the Franel numbers Fn ≡ S
(3)
n . This perspective brings about some nontrivial relations
among these numbers and other sums of cubic products of binomial coefficients, and it gives also
the opportunity of presenting a new proof of (1) based on Lie algebra methods. Although we will
confine here the treatment to r = 3, we think that similar considerations applied to SU(r) for
r > 3 will yield further nontrivial relations of the same type and additional proofs of the Franel
recurrence relations for higher r.
2. We begin by very briefly recalling a few facts about the quantum Calogero-Sutherland model
associated to the SU(3) Lie algebra that will turn useful below. The Calogero-Sutherland models
related to simple Lie algebras, see [4] for a detailed review, arise in mathematical physics as a class
of completely integrable systems which describe the classical or quantum-mechanical interaction
of several particles, where the forces are derived from a potential built from the root system of the
algebra. Specifically, for the case of SU(3) there are three identical particles, with coordinates
q1, q2 and q3, and the potential, which depends on a single coupling constant κ, is of the form
U(q1, q2, q3) = κ(κ− 1)
(
sin−2(q1 − q2) + sin
−2(q1 − q3) + sin
−2(q2 − q3)
)
,
while the center of mass is fixed at the origin of coordinates, i.e.
∑
i qi = 0. In the quantum case,
after solving the Schro¨dinger equation, one finds [5, 6] that the quantum states are in one-to-one
correspondence with the dominant weights of the SU(3)-Lie algebra, i.e. to the weights µ of the
form m1λ1+m2λ2, with m1, m2 ≥ 0 and λ1, λ2 the fundamental weights; see for instance [7] for a
2
general reference on Lie algebra representation theory. In fact, the wave function corresponding
to the dominant weight m1λ1 + m2λ2 is proportional to a generalized Gegenbauer polynomial
P κm1,m2(z1, z2) in two variables, which is an eigenfunction of an effective Hamiltonian
∆κ = (z21 − 3z2)∂
2
z1
+ (z22 − 3z1)∂
2
z2
+ (z1z2 − 9)∂z1∂z2 + (3κ+ 1)(z1∂z1 + z2∂z2) (2)
derived from the original one H = 1
2
p2 + U . The relation with the q-coordinates is as follows:
z1 = x1 + x2 + x3 and z2 = x1x2 + x1x3 + x2x3, where xk = e
2iqk and the localization of the
center of mass implies the constraint x1x2x3 = 1. Thus, z1 and z2 are invariant under the Weyl
group of SU(3), and they can indeed be identified as the characters of the fundamental and
anti-fundamental representations of the Lie algebra. The eigenvalue equation is1
∆κP κm1,m2 = εm1,m2(κ)P
κ
m1,m2
, εm1,m2(κ) = m
2
1 +m
2
2 +m1m2 + 3κ(m1 +m2) , (3)
and the polynomials P κm1,m2 can be obtained efficiently by solving it by a recursive procedure.
These polynomials display many remarkable properties. In particular, P 1m1,m2 is the character of
the irreducible representation of SU(3) with highest weight m1λ1 +m2λ2, while P
0
m1,m2
coincides
with the monomial symmetric function associated to the Weyl orbit of the same weight. Other
values of κ give interesting functions too. For instance, for κ = 1
2
, 2, 4 they are zonal polynomials
of A2 type. Due to these properties, quantum Calogero-Sutherland models are a convenient
tool to obtain a variety of results on the representation theory of simple Lie algebras, see for
instance [8] or [9] and references therein. They have also many other applications in areas of both
mathematics and physics [10, 11].
We shall mention for later use another property of the polynomials P κm1,m2 : their derivatives
with respect to the z1-variable have a simple expression if the coupling constant is shifted by one,
namely
∂z1P
κ
m1,m2
= m1P
κ+1
m1−1,m2
+ Am1,m2(κ)P
κ+1
m1−2,m2−1
+Bm1,m2(κ)P
κ+1
m1,m2−2
, (4)
with
Am1,m2(κ) =
m1(m1 − 1)m2(m1 +m2 + κ− 1)(m1 +m2 + κ)
(m1 + κ− 1)(m1 + κ)(m1 +m2 + 2κ− 1)(m1 +m2 + 2κ)
Bm1,m2(κ) = −
m2(m2 − 1)(m1 +m2 + κ)
(m2 + κ− 1)(m2 + κ)
;
there is a similar formula for the other derivative, see [12] for the proofs.
3. Let us now consider tensor powers of the adjoint representation Rλ1+λ2 of the SU(3) Lie
algebra. Specifically, we are interested in computing the multiplicity aµ(n) = ap,q(n) of each
dominant weight µ = pλ1 + qλ2 entering in R
⊗n
λ1+λ2
and, to this end, we will rely upon the use of
the monomial symmetric functions defined by such weights, which are given by
M p,q =
∑
P∈S3
x
P(u1)
1 x
P(u2)
2 x
P(u3)
3 , (5)
1As a matter of notation, we will use also the short form Xm1,m2 for a generic function Xµ defined by the
weight µ = m1λ1 +m2λ2.
3
where S3 is the symmetric group of order three and the permutations act on the elements of the
3-tuples u¯ = (u1, u2, u3) = (p + q, q, 0), with the proviso that the constraint x1x2x3 = 1 has to
be respected. As it is well known, these permutations reproduce the action of the Weyl group
of SU(3) on the weight pλ1 + qλ2, and thus the sum extends to all the weights of its orbit. The
monomial symmetric functions form a basis of the space of functions invariant under the Weyl
group of SU(3), and the multiplicity we are looking for is the coefficient ofMµ in the expansion
in that basis of the n-th power of the character χ1,1 of the adjoint representation of the algebra,
i.e.,
χn1,1 =
∑
ν∈Λ+
aν(n)M ν ,
where Λ+ is the cone of positive weights and the explicit form of χ1,1 is
χ1,1 = z1z2 − 1 = (x1 + x2)(x1 + x3)(x2 + x3). (6)
Given that
χn1,1 =
n∑
k1=0
n∑
k2=0
n∑
k3=0
(
n
k1
)(
n
k2
)(
n
k3
)
xn+k1−k31 x
n+k2−k1
2 x
n+k3−k2
3 (7)
and that we can write M p,q = x
p+q
1 x
q
2(x1x2x3)
r + . . . for any non-negative integer r, the Weyl
symmetry of χn1,1 allows us to identify ap,q(n) with the coefficient of x
p+q+r
1 x
q+r
2 x
r
3 in the expansion
(7). Matching the exponents in this product with those in (7), we find a system of three equations
for the kj. The sum of these equations gives the compatibility condition p+ 2q + 3r = 3n, which
fixes r and requires, in particular, that p+ 2q is a multiple of 3. Once r is fixed, we can solve for
k1, k2 and k3, obtaining k1 = m, k2 = m + q − l and k3 = m + q − 2l, where l =
p+2q
3
and m is
any non-negative integer such the three kj remain between 0 and n. Finally, adopting the usual
convention that binomial coefficients whose lower entry is negative or greater than the upper-one
are zero, the final result can be written as follows:
ap,q(n) = 0 if l =
p+ 2q
3
/∈ Z+,
and if l = p+2q
3
∈ Z+ and p ≥ q
ap,q(n) =
n∑
j=0
(
n
j
)(
n
j + q − l
)(
n
j + q − 2l
)
, (8)
while we can use aq,p(n) = ap,q(n) in the other case.
It is also useful to work out the multiplicity bµ(n) of the irreducible module Rµ in the tensor
power R⊗nλ1+λ2. The irreducible characters provide a different basis for Weyl-symmetric functions,
and this new multiplicity corresponds to the coefficient of χµ of the expansion of χ
n
1,1 in that
basis:
χn1,1 =
∑
ν∈Λ+
bν(n)χν . (9)
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The matrix elements for the change of basis between theM ν and the χρ are the so-called Kostka
numbers, and in the present case they can be found as follows. The Weyl character formula for
SU(3) is
χp,q =
ψp,q
ψ0,0
, ψp,q =
∣∣∣∣∣∣
xp+q+21 x
q+1
1 1
xp+q+22 x
q+1
2 1
xp+q+23 x
q+1
3 1
∣∣∣∣∣∣ , (10)
and therefore, we can write
ψ20,0χ
n
1,1 =
∑
µ∈Λ+
bµ(n)ψ0,0ψµ . (11)
Both ψ20,0 and ψ0,0ψµ are Weyl-symmetric functions and can hence be expanded in the basis of
the symmetric monomial functions. We will use the notation
ψ20,0 =
∑
ν∈Λ+
(ψ20,0)νM ν , ψ0,0ψµ =
∑
ν∈Λ+
(ψ0,0ψµ)νM ν . (12)
Thus, if we have a rule
M ν1 ·M ν2 =
∑
α∈Λ+
Cαν1,ν2Mα
to decompose the product of monomial symmetric functions, we can extract from (11) an infinite
set of linear equations, one for each weight α:∑
ν1,ν2∈Λ+
Cαν1,ν2(ψ
2
0,0)ν1aν2 =
∑
µ∈Λ+
(ψ0,0ψµ)αbµ(n) . (13)
These equations can be solved iteratively to obtain the multiplicities bµ(n) in terms of the aν(n)
by virtue of the existence of a partial ordering among the weights entering in χn1,1: µ1 is higher
than µ2 if µ1 − µ2 is a positive root. A list of the first weights in order of increasing height is as
follows:
(p, q) = (0, 0), (1, 1), (3, 0), (0, 3), (2, 2), (4, 1), (1, 4), (6, 0), (0, 6), (3, 3), (5, 2),
(2, 5), (7, 1), (1, 7), (4, 4), (6, 3), (3, 6), (5, 5), (9, 0), (0, 9), (8, 2), (2, 8), . . .
As for the rule providing the Cαν1,ν2 coefficients, it can be formulated graphically in terms of
Young diagrams [7] or, equivalently, in algebraic form by means of 3-tuples. In this second version,
we multiply the monomial functions as given in (5), but including suitable numerical factors to
take into account that they can have one, three or six terms. After these factors are properly
adjusted, the rule reads as follows:
M p,q ·M r,s =
1
Gp,qGr,s
∑
u¯∈C
Gµ(u¯)Mµ(u¯) , (14)
where u¯ are 3-tuples of non-negative integers; the factors are: Gµ(u¯) if the three entries in u¯ are
different, Gµ(u¯) = 2 if only two entries coincide and Gµ(u¯) = 6 if the three elements are equal; the
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weight corresponding to a 3-tuple is µ(u¯) = (u+ − u0)λ1 + (u0 − u−)λ2, where u+ ≥ u0 ≥ u− is
the ordering of three elements of the tuple, and the sum extends to the set
C = {(p+ q + r + s, q + s, 0), (p+ q + s, q + r + s, 0), (p+ q + r + s, q, s),
(p+ q + s, q, r + s), (p+ q, q + r + s, s), (p+ q, q + s, r + s) } .
To work with (13) we also need the explicit form of the expansions (12), which can be obtained
by hand by using (10) and identifying the symmetric monomial functions appearing in these
quadratic expressions. After some computations, we find
ψ20,0 = −6M 0,0 + 2M1,1 +M 2,2 − 2M 3,0 − 2M 0,3 ,
ψ0,0ψp,q = M˜ p+2,q+2 − M˜ p+3,q − M˜ p,q+3 − M˜ p,q + εp−1M˜ p−1,q+2 + εq−1M˜ p+2,q−1
+ δp,0M˜ 1,q+1 + δ0,qM˜ p+1,1 ,
where M˜ c,d = Gc,dM c,d and εr is one if r ≥ 0 and zero otherwise.
With this, the scheme is complete and we can proceed to solve (13) to obtain the bµ(n). We
show here a few results:
b0,0(n) = a0,0(n)− 2a1,1(n) + 2a3,0(n)− a2,2(n) , (15)
b1,1(n) = a1,1(n)− 2a3,0(n) + 2a4,1(n)− a3,3(n) , (16)
b3,0(n) = a3,0(n)− a2,2(n)− a4,1(n) + a6,0(n) + a3,3(n)− a5,2(n) , (17)
b2,2(n) = a2,2(n)− 2a4,1(n) + 2a5,2(n)− a4,4(n) , (18)
b4,1(n) = a4,1(n)− a6,0(n)− a3,3(n) + a7,1(n) + a4,4(n)− a6,3(n) , (19)
b6,0(n) = a6,0(n)− a5,2(n)− a7,1(n) + a6,3(n) + a9,0(n)− a8,2(n) , (20)
b3,3(n) = a3,3(n)− 2a5,2(n) + 2a6,3(n)− a5,5(n) , (21)
where, of course, bq,p(n) = bp,q(n).
4. As we have seen (8), the multiplicities of weights in R⊗nλ1+λ2 are given by different forms of
sums of triple products of combinatorial coefficients, for instance
ap,p(n) =
n∑
j=0
(
n
j
)2(
n
j − p
)
, aq+3,q(n) =
n∑
j=0
(
n
j
)(
n
j − 1
)(
n
j − 2− q
)
,
etc. They are thus “Franel-like numbers”, and we would like to relate them to the true Franel
ones. Except for the simplest a1,1(n) case, the direct approach through the use of standard
identities among combinatorial numbers, like the Pascal triangle or others, leads soon to involved
expressions in which the products of binomial coefficients are multiplied by rational functions in
m and n. These expressions can be related to particular values of generalized hypergeometric
functions, but their meaning remains rather unclear and, in any case, it seems quite awkward to
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work with them. Thus, here we will not follow this approach and will work instead by means
of the representation theory of SU(3), a strategy which involves also a considerable amount of
algebra, but offers a more transparent route to proceed.
We describe this route. The first step is to relate the multiplicities of the weights in two
successive powers of the adjoint representation. Given that χ1,1 =M 1,1+2, this can readily done
by means of the rule (14) applied to
χn1,1 =
∑
µ
aµ(n)Mµ =
∑
ν
aν(n− 1)(M 1,1 + 2) ·M ν .
In this way, we obtain some formulas like the following:
a0,0(n) = 2a0,0(n− 1) + 6a1,1(n− 1) , (22)
a1,1(n) = a0,0(n− 1) + 2a3,0(n− 1) + 4a1,1(n− 1) + a2,2(n− 1) , (23)
a3,0(n) = 2a1,1(n− 1) + 2a3,0(n− 1) + 2a2,2(n− 1) + 2a4,1(n− 1) , (24)
a2,2(n) = a1,1(n− 1) + 2a3,0(n− 1) + 2a2,2(n− 1) + 2a4,1(n− 1) + a3,3(n− 1) , (25)
a4,1(n) = a3,0(n− 1) + a2,2(n− 1) + 3a4,1(n− 1) + a6,0(n− 1) + a3,3(n− 1)
+ a5,2(n− 1) , (26)
a6,0(n) = 2a4,1(n− 1) + 2a6,0(n− 1) + 2a5,2(n− 1) + 2a7,1(n− 1) , (27)
a3,3(n) = a2,2(n− 1) + 2a4,1(n− 1) + 2a3,3(n− 1) + 2a5,2(n− 1) + a4,4(n− 1) , (28)
a5,2(n) = a4,1(n− 1) + a6,0(n− 1) + a3,3(n− 1) + 2a5,2(n− 1) + a4,4(n− 1)
+ a7,1(n− 1) + a6,3(n− 1) , (29)
a7,1(n) = a6,0(n− 1) + a5,2(n− 1) + 3a7,1(n− 1) + a6,3(n− 1) + a9,0(n− 1)
+ a8,2(n− 1) , (30)
a4,4(n) = a3,3(n− 1) + 2a5,2(n− 1) + 2a4,4(n− 1) + 2a6,3(n− 1) + a5,5(n− 1) , (31)
etc.
Now, a0,0(n) is directly a Franel number
a0,0(n) = Fn
and then (22) gives us a1,1(n) as
6a1,1(n) = −2Fn + Fn+1 .
With these results and (23) we can write an equation for a3,0(n) and a2,2(n)
12a3,0(n) + 6a2,2(n) = Fn+2 − 6Fn+1 + 2Fn , (32)
so that we need an independent equation to solve for these multiplicities in terms of Franel
numbers. To obtain that equation, we will resort to the Calogero-Sutherland theory. Application
of the Hamiltonian (2) to χn+21,1 gives
∆0χn+21,1 = 3(n+ 2)(z1z2 − 3) ·χ
n+1
1,1 + 3(n+ 2)(n+ 1)(z
2
1z
2
2 − z
3
1 − z
3
2 − 3z1z2) · χ
n
1,1 , (33)
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and given that
M 1,1 = z1z2 − 3 ,
M 3,0 = z
3
1 − 3z1z2 + 3 ,
M 2,2 = z
2
1z
2
2 − 2z
2
1 − 2z
2
2 + 4z1z2 − 3 ,
we can use the eigenvalue equation (3) to write both members of (33) respectively as
∞∑
p=0
∞∑
q=0
(p2 + q2 + pq)ap,q(n+ 2)M p,q (34)
and
3(n+ 2)
∞∑
p=0
∞∑
q=0
ap,q(n + 1)M 1,1 ·M p,q
+ 3(n+ 2)(n+ 1)
∞∑
p=0
∞∑
q=0
ap,q(n) (M 2,2 −M 1,1 +M 3,0 +M 0,3 − 6) ·M p,q . (35)
Then, using rule (14) and the recurrences among multiplicities for different n (22)-(31), and
matching the coefficients of eachM p,q in (34) and (35), we find new relations among the ap,q(n).
In particular, for the case ofM 0,0 we arrive to the equation
(n + 2)a2,2(n) + (n+ 3)a3,0(n)− (n− 3)a1,1(n)− na0,0(n) = 0 , (36)
which in conjunction with (32) gives a3,0(n) and a2,2(n) as:
6(n+ 1)a3,0(n) = −2(n+ 1)Fn − (7n+ 9)Fn+1 + (n+ 2)Fn+2
and
6(n + 1)a2,2(n) = 6(n+ 1)Fn + 4(2n+ 3)Fn+1 − (n+ 3)Fn+2 .
Now, from (24) and (25) we obtain directly expressions for a4,1(n) and a3,3(n) as combinations
of Franel numbers, but then (26) mixes again two multiplicities whose form in terms of Franel
numbers is still unknown, a6,0(n) and a5,2(n). Thus, we come back to the Calogero-Sutherland
Hamiltonian to look for another equation involving these. In fact the coefficient ofM 3,0 in (34)
and (35) provides such an equation in the form
6(n2 + 4n+ 1)a5,2(n) + 3n(n+ 5)a6,0(n) = −3n(n + 5)a0,0(n)− 6(5n− 11)a1,1(n)
+ 6(2n2 + n+ 15)a3,0(n) + 6(n
2 − n + 12)a2,2(n)− 6n(n+ 5)a3,3(n)− 6(5n− 11)a4,1(n)
and with this we can compute the new multiplicities.
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We can continue with this procedure to obtain more results and we list here some of them.
For the case of p = q, we find
6(n+ 2)a3,3(n) = −2(n + 2)Fn + 9(n+ 2)Fn+1 + 3(5n+ 12)Fn+2 − (2n+ 7)Fn+3 ,
6(n+ 1)(n+ 2)(n+ 3)a4,4(n) = 6(n+ 1)(n+ 2)(n+ 3)Fn + 16(n+ 2)(n+ 3)(2n+ 3)Fn+1
+ 4(n+ 3)(7n2 + 27n+ 30)Fn+2 + 4(n
3 + 2n2 − 2n+ 9)Fn+3
− (n3 + 6n2 + 11n+ 18)Fn+4
and
6(n+ 2)(n+ 3)(n+ 4)a5,5(n) = −2(n+ 2)(n+ 3)(n+ 4)Fn + 25(n+ 2)(n+ 3)(n+ 4)Fn+1
+ 25(n+ 3)(n+ 4)(5n+ 12)Fn+2
+ 5(n+ 4)(16n2 + 93n+ 141)Fn+3
− 5(n+ 6)(4n2 + 23n+ 24)Fn+4 + (n+ 8)(n
2 + 6n+ 3)Fn+5 ;
and for the case p = q + 3 two more results are as follows: if D4,1(n) = 12(n + 1)(n + 2)a4,1(n)
and D5,2(n) = 12(n+ 1)(n+ 2)(n+ 3)a5,2(n), we obtain
D4,1(n) = −4(n + 1)(n+ 2)Fn − 2(n + 2)(3n+ 5)Fn+1 − (7n
2 + 21n+ 12)Fn+2
+ (n + 1)(n+ 3)Fn+3
and
D5,2(n) = −4(n + 1)(n+ 2)(n+ 3)Fn − 2(n+ 2)(n+ 3)(27n+ 35)Fn+1
− (n + 3)(41n2 + 157n+ 156)Fn+2 + (14n
3 + 111n2 + 244n+ 99)Fn+3
− n(n + 4)(n+ 5)Fn+4 .
We give finally a result for the case p = q+6: putting D6,0(n) = 6(n+1)(n+2)(n+3)a6,0(n),
we have
D6,0(n) = 6(n+ 1)(n+ 2)(n+ 3)Fn + 12(n+ 2)(n+ 3)(2n+ 3)Fn+1
+ (n + 3)(13n2 + 49n+ 54)Fn+2 − 2(5n
3 + 36n2 + 74n+ 31)Fn+3
+ (n + 4)(n2 + 4n+ 1)Fn+4 .
5. We are now in position to give a proof of the Franel recurrence relation (1) based on the facts
about the Calogero-Sutherland model and the representation theory of the SU(3) Lie algebra that
we have been studying. First, using (4) for coupling constant κ = 0, we can give an expansion of
the derivative of χn1,1 into irreducible characters as follows:
∂z1χ
n
1,1 =
∞∑
p=0
∞∑
q=0
ap,q(n)
(
pχp−1,q + qχp−2,q−1 − (p+ q)χp,q−2
)
. (37)
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On the other hand, from the explicit expression (6) and (9) we obtain
∂z1χ
n
1,1 = nz2χ
n−1
1,1 = n
∞∑
p=0
∞∑
q=0
bp,q(n− 1)(χp,q+1 + χp−1,q + χp+1,q−1) , (38)
where we have taken into account that z2 = χ0,1 and used a standard rule for multiplying SU(3)
characters. Then, matching the coefficients of χ1,0 in (37) and (38), we find
a1,1(n)− 3a3,0(n) + 2a2,2(n) = nb0,0(n− 1) + nb1,1(n− 1)
and according to (15), (16) and (22)-(28), we can express this in the form h(n) = 0, for all n,
where h(n) is defined as
h(n) = −na0,0(n) + (n+ 1)a1,1(n) + na2,2(n) + (n+ 3)a3,3(n)− 2(n+ 2)a4,1(n) .
Finally, by means of the expressions of these multiplicities in terms of Franel numbers, we compute
−2nh(n− 2) = (n+ 1)2Fn+1 − (7n
2 + 7n+ 2)Fn − 8n
2Fn−1 ,
thus establishing (1).
To summarize, in this note we have shown how the representation theory of SU(3) can be used
to obtain a number of relations between some sums of triple products of combinatorial coefficients
and Franel numbers and to give a new proof of the Franel recurrence relation. We think that
the representation theory of SU(r) for r > 3 or of other low-rank simple Lie algebras can also
be exploited in the same vein to uncover further valuable results of this kind. An example is the
recent paper [13], in which the tensor powers of the adjoint representation of SL(2) have been
used to obtain a number of results about the coefficients of Euler’s triangle expansion.
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